Abstract-Piezoelectric transformers (PZT) can be used advantageously in high output voltage dc-dc converters. In such applications the output section includes a voltage doubling rectification scheme to help increase the output voltage. This topology was modeled and analyzed by considering the expected voltage and current waveforms under the first harmonics approximation. The results were then used to build a linear ac equivalent circuit that emulates the ac-dc stage. The proposed model was verified against simulation and experimental results.
Analysis and Modeling of a Voltage Doubler Rectifier
Fed by a Piezoelectric Transformer 
I. INTRODUCTION

P
IEZOELECTRIC transformers (PZT) were shown to be advantageous in dc-dc converter applications and in cold cathode fluorescent lamps drivers [1] - [13] . The favorable attributes of the PZT are low weight and size and potentially low cost. The latter is particularly true for single layer PZTs, as the one used in this investigation, that are made of a polarized piece of piezoelectric material on which the electrodes are deposited. The present (mid 2003) price of PZT devices is relatively high due to the fact that they are not manufactured in high volume. One additional important characteristic is the high voltage isolation of the ceramic materials used to build PZTs. This advantage is especially beneficial when the PZT is applied in high output voltage (HV) applications. In these cases, the inherent high voltage isolation eliminates the relatively larger size and higher production costs normally associated with high voltage electromagnetic transformers. Potential applications of PZT based HV converters include ionizers, ion generators, electron microscope, photomultiplier power supplies and others.
In HV converters, one would like to avoid the use of output filter inductors that becomes bulky and highly expensive under the HV operating conditions. The conventional alternative is the capacitor filter that is more practical under high output voltage-and hence relatively lower current-conditions. Considering the primary objective of obtaining a high output voltage, a voltage doubler rectifier will be the preferred choice. The simplest voltage doubler rectifier has a nonsymmetrical half-wave topology with one capacitor C and two diodes ( Fig. 1) [11]- [13] . It has been documented that in this operating scheme the output voltages of PZT and of the rectifier and the resonant frequency of the PZT are highly dependent on the load resistance , but no systematic analysis has been presented hitherto to examine these relationships.
In this study we develop a model of the voltage doubler rectifier in the case when the rectifier is fed by a circuit with a high quality factor (Q). We apply this model together with the equivalent circuit of the PZT to derive a common ac equivalent circuit that emulates the behavior of the PZT based HV ac-dc stage. We then obtain analytical expressions describing the interdependence of key parameters.
II. DIODES' CONDUCTION ANGLE
The conventional equivalent circuit of the PZT includes ( Fig. 2) : an ideal transformer with turn ratio n, an input capacitor , an output capacitor and a series branch which represents mechanical resonance at the frequency (1) and losses (emulated by mechanical equivalent resistance ). In this model, the action of the ideal transformer is represented by two dependent sources: a voltage source at the primary and a current source at the secondary [14] . The turns ratio appears as the gain factor of these sources. The primary and secondary dc components are blocked by -as is in the case of the physical PZT.
In typical HV ac-dc application, the PZT will be fed by an ac signal. Different inverter topologies can be used at the input side but considering the high Q of the PZT device and the fact that operation is normally near the resonant frequency, only the first harmonics of the input voltage will affect the resonant current.
Simulated current and voltage waveforms of the rectifier (Fig. 1) , connected to the output of PZT (Fig. 2) , are shown in Fig. 3 . The angle is normalized time in radians, f is the switching frequency and t is time. Analysis (and simulation) is carried out under the following basic assumptions. 1) Diodes, inductor and capacitors are ideal.
2) The mechanical equivalent resistance is much lower than the characteristic impedance of the branch (Fig. 2 ) and hence the current of this branch can be approximated by a sinusoidal waveform: (2) where is the peak of this current. Referring to Figs. 1-3, the reflected current flows through the capacitor of PZT during the nonconduction intervals of both diodes ( and ) and through the diodes or during their conduction intervals ( and ). Duration of these conduction intervals is defined as . The voltage across the capacitor is equal to the load voltage during the conduction interval of (interval ) and is zero during the conduction interval of (interval ). The voltage during the nonconduction intervals of both diodes ( , ) can be divided into distinct operational segments by applying the following initial conditions (Figs. 1-3 (3) and for the interval (4) Taking into account that or in the conducting intervals of the diodes and applying (3) and (4) we obtain the dc component of voltage during the switching period (5) Note that the dc component of is blocked by the ceramic material of the PZT. This galvanic isolation effect is emulated by in the equivalent circuit presentation (Fig. 2 ). The same value has the peak of the ac component of the capacitor's voltage (6) Hence, the output voltage of the rectifier is twice higher than the peak of the ac component of the capacitor's voltage that can be considered as the input voltage of the rectifier. Therefore this type of rectifier operates as a voltage doubler.
The peak of the reflected current of the branch of the PZT-model (Fig. 2) is found from (2) and (3) or (4) (7) where . The current of the load is equal to the average current of the diode (8) or applying (7) (9)
On the other hand (10) From (9) and (10) we obtain the diodes conduction angle (11) Relationship (11) is depicted in Fig. 4 .
III. RC EQUIVALENT MODEL OF THE VOLTAGE DOUBLER RECTIFIER
Since the top and bottom of the capacitor's voltage waveform are flat during the conducting intervals of the diodes (Fig. 3) , the waveform of this voltage includes high harmonics. In contrast, the waveform of the current of the branch is assumed to be practically a sine wave-due to the high Q of the circuit. Under these conditions only the fundamental harmonic of the voltage affects the output power (12) where is the peak of the fundamental harmonic of the voltage and is its phase angle referred to the instant . The values of and are found from
where is the voltage waveform coefficient [15] (
and (16) 
Note that because . Equations (13)-(17) show that and are uniquely defined by . Taking into account (11) we find that and are functions of . These relationships are depicted in Fig. 4 . Considering the fact that , the network including the capacitor , output rectifier and load can be represented by a parallel equivalent circuit [ Fig. 5(a) ]. The equivalent load resistance was found from (18) Applying (18), (13), and (6)
The equivalent capacitance was found from The relationships and as a function of , calculated by (11), (14)- (17), (19), and (22) are depicted on Fig. 6 . Note that is small when .
IV. OUTPUT VOLTAGE OF THE RECTIFIER
Applying the equivalent resistance and the equivalent capacitance , the system including the PZT and the output rectifier can be represented by the equivalent circuit of Fig. 7 . and are the peaks of the first harmonic of the input and output voltages of the equivalent circuit (Fig. 7) .
The expression of the (ac output)/(ac input) voltage ratio
can be found by analyzing this equivalent circuit [14] as (24), shown at the bottom of the next page, where . In the case the impedance of the series circuit is zero and therefore the AC input voltage is applied to the output parallel circuit via the equivalent mechanical resistance . That is why . In HV applications since is much lower than the reflected impedance of the parallel circuit, will be near unity when . The load voltage, denoted in this case as , can be obtained from (6), (13), and (23) (25) In the case the series circuit is inductive and therefore the voltage across the parallel circuit can be higher than the ac input voltage:
. The expression of the frequency ratio corresponding to the maximum value of was found from (24) under the assumption that the values and are constant and independent of the frequency ratio (26)
The above equation implies (27) Note that is the resonant frequency of the equivalent circuit (Fig. 7) under no load condition and is therefore the highest resonant frequency of the circuit. On the other hand Figs. 4 and 6 show that such a small frequency range causes insignificant changes in the values of and , which is the variable part of (21). Therefore our assumption about and independence of the frequency ratio is a good approximation to obtain from (26). Inserting (26) into (24) we obtain the maximum value of [14] (31)
The expression of the normalized maximum value of the load voltage (i.e. output voltage of the rectifier) (32) is found from (6), (13) 
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The validation of the proposed approach was confirmed by simulation and experiments. Simulation was carried out in two ways.
1) By running a time domain simulation on the complete nonlinear circuit, i.e., the original PZT model and rectifier (Fig. 8) . In the following this simulation is referred to as "cycle-by-cycle" or "c-b-c" simulation. 2) By running ac simulation on the linear circuit in which the rectifier, load and the output capacitance of PZT were replaced by an equivalent , network according to proposed modeling method (Fig. 7) . For this case, the dc output voltage was calculated according to (18). Simulations were carried out on a virtual PZT similar to the Philips' single layer thickness polarization transverse vibration mode PZT (PXE43-S, RT ) for which the following parameters were assumed [16] : series inductance , series capacitance (hence, series resonant frequency ), output capacitance , loss resistance and mechanical transfer ratio . The simulation results are presented in Tables I and II and  Figs. 9 and 10.  Table I summarizes the results for the cases when the load resistance was changed over a wide range and the operating frequency f was corrected so as to get the maximum load voltage . This Table includes: the load resistance and corresponding values of the equivalent resistance and the equivalent capacitance ; -the maximum output-to-input ac voltage ratio , and corresponding values of the absolute and normalized frequency , obtained by simulation of the ac model (Fig. 7) ; (FIG. 8) -
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the normalized maximum load voltage calculated using the results of simulation of the ac model ( Fig. 7) :
the normalized maximum load voltage and corresponding frequency obtained by cycle-by-cycle simulation of the ac/dc model (Fig. 8) . Table I also (Table I) shows that they are practically identical. The frequencies , and also coincide. The dependences and on (Table I) are plotted in Fig. 9(a) and (b) . As one can judge, the agreement is very good. Table II summarizes the results for the cases when the load resistance is constant (10 ) and the operating frequency f is changed in a narrow range near . This Table includes the values of the normalized dc output voltage obtained by simulation of the ac model (Fig. 7) and by cycle-by-cycle simulation of the ac/dc model (Fig. 8) . Both values of are practically identical for any given frequency over the tested frequency range. The dependence on (Table II) is plotted in Fig. 10 .
The experimental set up is shown in Fig. 11 . The Philips PZT (PXE43, , single layer, Rosen type) was fed through a coupling capacitor , 630 V from the output of a half-bridge high frequency inverter driven by a 50% duty cycle. The coupling capacitor was used to block the dc from PZT input electrodes in order to reduce the possibility of depolarization. The inverter included following elements (Fig. 11): and -transistors IRF740, diodes and -MUR405, inductor and capacitors . The purpose of the LC filter was to soften the squarewave waveform coming out of the half bridge inverter while the diodes were used to clamp the peak voltages to the supply and ground potentials. The output rectifier included high voltage diodes and -BY187/01 (10 kV, 2 mA). The parameters of the PZT (Fig. 2) as provided by the manufacturer were pF pF pF mH and
The validity of these parameters was verified by comparing simulation results that were run on the PZT model with these values to experimental measurements taken by a network analyzer (HP4395A). The frequency range was 65-80 kHz. The load resistance was changed from 395 to 19.2 . Relationships between the load voltage and were measured in two cases (Fig. 12): 1) when the operating frequency f was equal to the resonant frequency . For the PZT under study, ; 2) when f was corrected so as to get maximum output voltage: . The rms input voltage of PZT was held constant: 62 V in the first case and 52.5 V in the second case.
The deviation of the model prediction from the experimental results (Fig. 12 ) was found to be smaller than 13%.
VI. DISCUSSION
The presented approach can be considered as a modification of the approximate analysis of steady state processes in voltage-fed parallel and series-parallel resonant converters with capacitive output filter [15] . The new approach presented in this paper is simpler since capacitance is included in the equivalent circuit; so it is unnecessary now to obtain the phase angle between the first harmonics of the capacitor's voltage and the input current of the rectifier. Additional capacitance obtained from (22) is equivalent to the value given in [15] . The system under study is of a high order and consequently, precise analytical relationships are difficult if not impossible to derive. The proposed approximate derivation is based on the assumption that the numerical value of is small. It was found that this assumption is valid for practical PZT devices because one finds that when n is large is normally small. For the PZTs tested in this study we find that the value of was about 0.1 for the Rosen type PZT and 0.029 for the PZT model used in the simulation studies. When is small, the expected range for per (29) is small. For such a narrow frequency window, and can be assumed to be approximately constant (Fig. 4 and 6 ) which makes possible taking the approximate derivative of (24) to find . If the frequency window for of a given PZT is not narrow, the approximate equations derived here may not apply.
The extensive simulation tests of the proposed modeling and analysis approach as well as the experimental measurements suggest that the approximate analysis developed here is accurate for a wide range of PZT elements. It should be noted that the simulation verification was done for a symmetrical device with a relative large output capacitor whereas the experiments were run on a Rosen type of and relatively small output capacitor. The modeling approach was found to be accurate for these very different devices, suggesting that the method could be useful for a variety of PZT families.
The analysis presented above was carried out for the voltage doubler rectifier which is a private case of the capacitive filter rectifier family. The analytical results can be easily translated to other rectifiers with a capacitive filter. Consider for example the full bridge capacitive loaded rectifier. The comparison is carried out under the condition that the rectifiers are fed by PZTs with identical parameters, both rectifiers operate at the same frequency , process the same power with the same diodes conduction angle and hence with identical voltage waveform across the output capacitance of the PZTs. Since the output voltage of the voltage doubler rectifier is equal to this peak-to-peak voltage of the capacitor, while the output voltage of the full bridge rectifier is twice lower, we find (36)
For equal power (37) and therefore the ratio of load resistances of the two rectifiers will be (38)
VII. CONCLUSION
The results cycle-by-cycle and ac simulations verify the accuracy of the proposed ac model. It is clear from these results that the RC equivalent model can replace the rectifier-load section in symbolic and numeric analytical derivations and in circuit simulation. Hence, when applicable, the proposed model offers a simple way to analyze and simulate the behavior of the ac-dc HV PZT circuit. Furthermore, since the resulting equivalent circuit is SPICE compatible it can be used to examine by simulation the behavior of the PZT-rectifier assembly by running frequency domain (ac) analysis, which is much faster than cycle-by-cycle time domain simulation (TRAN).
